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Abstract
This paper is devoted to the investigation of the 2D incompressible
electrohydrodynamics system by the artiﬁcial compressibility method. We ﬁrst
introduce a family of perturbed compressible electrohydrodynamics, which
approximate the incompressible electrohydrodynamics as the compressibility
parameter is sent to zero. Then we prove the unique existence and convergence of
solutions for the perturbed compressible electrohydrodynamics system to the
solutions of the incompressible electrohydrodynamics system.
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1 Introduction
Let  ⊂ R be an open bounded smooth domain. We investigate the artiﬁcial compress-




a(vt + vxk νk) – av –QE +∇p = f ,
Qt – aQ + aQ +∇ · (Qv) = ,
–φ =Q,
∇ · v = ,
v = , Q = Q˜, φ = φ˜, x ∈ ∂, t > ,
v(x, ) = v, Q(x, ) =Q, x ∈ .
(.)
Here v ∈R denotes the velocity vector ﬁeld, p ∈R denotes the pressure of the ﬂuid,Q and
E denote the charge density and the electric ﬁeld, respectively, k >  is the constant coef-
ﬁcient of diﬀusion. We can simply denote the body forces of the electric origin by the
form QE because the electric permeability and density of mass are constant. We suppose
that the magnetic eﬀects are negligible, thus ∇ × E = , and the electric ﬁeld is deﬁned by
E = –∇φ.
The form of Q˜ is crucial for the nature of the ﬂow. Q˜ =  stands for no injection of free
charges from the outside. Namely, the ﬂow is quite simple. The stationary problem has
one and only one solution and, if the electrostatic ﬁeld is suﬃciently small, there exists a
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Liapunov function. On the contrary, the ﬂow is richer and more complex when Q˜ = . In
particular, the solution of the stationary problem is non-unique in certain cases [].
Let φ˜ and Q˜ be the solutions of the following problems:
–aQ˜ + aQ˜ = , in , Q˜ = Q˜ on ∂, (.)
–φ˜ = Q˜, in , φ˜ = φ˜ on ∂. (.)
We assume Q˜, φ˜ ∈ C∞(∂), thus we have Q˜, φ˜ ∈ C∞(¯) by standard results of regularity.





a ∂v∂t + aB(v, v) + aAv +N (q + Q˜,ϕ + φ˜) +∇p = f ,
∂q
∂t + aAq + aq –M(q + Q˜, v) = ,
Aϕ = q,
div v = ,
v = , q = , ϕ = , x ∈ ∂, t > ,
v(x, ) = v, q(x, ) = q, x ∈ .
(.)
Here, for simplicity, we have made a detailed explanation of ‘A, A, B(u, v), N (u, v),
M(q, v)’ in the section of Preliminaries.
The electrohydrodynamics system has been studied largely in the past years, see for
example [, –].
The artiﬁcial compressibility approximation method was introduced by Chorin [, ],
Temam [–]. Their aim was to deal with the diﬃculties induced by the incompressibil-
ity constraint ‘divu = ’ in the numerical approximations to the Navier-Stokes equations.
As ‘divu = ’ can never hold exactly, discretization errors accumulate at each iteration.
Then after a signiﬁcant amount of error accumulation, the approximate algorithm breaks













In [], Temam also discussed the convergence of the approximations to the incompress-
ibleNavier-Stokes equations on bounded domains by using the classical Sobolev compact-
ness embedding theorems and the classical Lions method [] of fractional derivatives to
recover the compactness in time.
Following the ideas of Chorin and Temam, the artiﬁcial compressibility approxima-
tion for some other models was also studied recently. For example, in [, ], Zhao et
al. studied the artiﬁcial compressibility approximation for the incompressible convective
Brinkman-Forchheimer equations and the non-Newtonian ﬂuid equations, respectively.
In [–], Donatelli et al. investigated the artiﬁcial compressibility approximation for
the Navier-Stokes equations, MHD equations and the Navier-Stokes-Fourier equations
on unbounded domains or the whole space R.
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In this paper, we consider the approximation of system (.) by the artiﬁcial compress-
ibility method. Consider the following family of perturbed compressible systems depend-
ing on the parameter  ∈ (, ]:
a
∂v
∂t + aB(v , v) +

a(div v)v + aAv +N (q + Q˜,ϕ + φ˜)
– ∇(q + Q˜)(ϕ + φ˜) +∇p = f , (.)
∂q
∂t + aAq + aq –M(q + Q˜, v) +

 (div v)(q + Q˜) = , (.)
Aϕ = q , (.)

∂p
∂t + div v = , (.)
with the initial and boundary value conditions
v = , q = , ϕ = , x ∈ ∂, t ∈ (,T), (.)
v(x, ) = v, q(x, ) = q, ϕ(x, ) = ϕ, p(x, ) = p. (.)
Here, for simplicity, we give a detailed explanation of the terms ‘  (div v)v ,

∇(q +
Q˜)(ϕ + φ˜)’ and ‘  (div v)(q + Q˜)’ in Remark ..
It is obvious that the perturbed compressible electrohydrodynamics system (.)-(.)
recover the incompressible one (.) when  = . So it is natural to ask whether system
(.)-(.) possesses a solution, and whether it converges to the solution {v,q,ϕ,p} of the
incompressible electrohydrodynamics system (.) as  → +? In the next parts of the
paper, we shall give positive answers to these questions.
At last we mention that, from the point of view of physics, one can formally derive in-
compressible ﬂuid models from compressible ones. The incompressible limit of the com-
pressible ﬂuid equations is a signiﬁcant issue in themathematical theory of ﬂuid dynamics.
In the past years, some nice works on this subject have been performed; see, for example,
Jiang et al. [, ], Lions and Masmoudi [], Temam [] and Feireisl et al. [, ].
Now let us talk about the organization of this paper. In Section , we provide some
mathematical tools needed in the sequel and recall the existence of weak solutions. In
Section , we prove the unique existence of solution for equations (.)-(.), while in
Section  we show how the solutions of the perturbed problems converge to the solutions
of the incompressible electrohydrodynamics system (.) as  → +.
2 Preliminaries
Let  ⊂R is an open bounded smooth domain, ﬁrstly, we deﬁne
H =
{
u ∈ L(),divu = 
}
, with norm ‖ · ‖ = ‖ · ‖L
(





u ∈H(),divu = 
}
, with norm ‖ · ‖V = ‖∇ · ‖, and the dual space V∗,
V = {φ ∈ C∞ ()× C∞ () : φ = (φ,φ),divφ = 
}
,
W = {ϕ ∈ C∞ () : divϕ = 
}
,
H ,V denote separately the closure space of V in L norm and in H norm.
Secondly, we give a deﬁnition of some operators.
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Deﬁne the linear ‘Stokes operator’A = – from V to V∗ by





∂jui∂jvi dx, ∀u, v ∈V.










wj dx, ∀u, v,w ∈V,









βi dx, ∀q,ϕ ∈H,β ∈V,
we deﬁne the bilinear operatorM(q, v) from H ×V into H– as







vi dx, ∀q, ξ ∈H, v ∈V.
Note that (see, e.g., [, , ])
Au = –
u for u ∈D(A) =
{
u ∈H(),divu = 
}
.
By the Hilbert-Schmidt theorem, one can deduce thatA has a sequence of orthonormal
eigenfunctions wj, belonging to C∞p () with zero mean in . Since A is a self-adjoint
positive operator with compact inverse, {ωj}∞j= forms a basis of the space H. Moreover,
{ωj}∞j= also forms a basis of the spaceD(As/ ) = {Hs(),divu = }, for any positive integer s
[]. In a similar way A :H() ↪→H–() is the isomorphism given by




for all ξ ∈H().
We will denote byA the corresponding operator deﬁned in D(A) =H()∩H() with









Problem . Let T > . For any given v and q with
v(x) ∈H , (.)
q(x) ∈ L(), (.)
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to ﬁnd v, q, ϕ satisfying
v ∈ L(,T ;V )∩ L∞(,T ;H), (.)
q ∈ L(,T ;H()
) ∩ L∞(,T ;L()), (.)





∂t + aB(v, v) + aAv +N (q + Q˜,ϕ + φ˜) = f , (.)
∂q
∂t + aAq + aq –M(q + Q˜, v) = , (.)
Aϕ = q, (.)
v(x, ) = v, q(x, ) = q. (.)
Lemma . ([]) Let ai > , i = , , , , for T > , Problem . admits unique solution.
Remark . Let ai > , i = , , , , for any given v and q satisfying (.) and (.). Then,
for each solution {v,q,ϕ} obtained by Lemma ., there exists a unique pressure p corre-
sponding to v, and for each t ∈ [,T], p ∈ L(). Moreover, ∇p ∈ C([,T];H–()) and
hence
p ∈ C([,T];L()), (.)
which satisﬁes in the distribution sense that
a
∂v
∂t + aB(v, v) + aAv +N (q + Q˜,ϕ + φ˜) +∇p = f , (.)
∂q
∂t + aAq + aq –M(q + Q˜, v) = , (.)
Aϕ = q. (.)

























































q + Q˜,wψ(t), v
)
dt
= (q,w)ψ(), ∀w ∈H. (.)
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Remark . We will prove that if {v,q,ϕ} is a solution of Problem ., then
v′ ∈ L(,T ;V ′), q′ ∈ L(,T ;H–()). (.)
By the classical embedding theorem (see []), we can conclude that v ∈ C(,T ;H), q ∈
C(,T ;L) and so the initial condition v ∈H , q ∈ L makes sense.
We need the compactness theorem [] involving the fractional derivative.
Assume X, X, X are Hilbert spaces with
X ↪→ X ↪→ X, (.)
the embedding being continuous, and
X ↪→ X is compact. (.)





The derivative in t of order γ is the inverse Fourier transform of (iπτ )γ ψˆ(τ ), that is,
̂Dγt ψ(t) = (iπτ )γ ψˆ(τ ).
For given γ > , deﬁne the space
Mγ =Mγ (R;X,X) =
{
ψ ∈ L(R;X),Dγt ψ ∈ L(R;X)
}
.




∥|τ |γ ψˆ(τ )∥∥L(R;X)
} 
 .
For any set K ⊂R, the subspaceMγK ofMγ is deﬁned as the set of functions u ∈Mγ with





ψ ∈Mγ , suppψ ⊆ K}.
Lemma . ([]) Assume X, X, X are Hilbert spaces satisfying (.) and (.). Then,
for any bounded set K and ∀γ > , we have the following compact embedding:
MγK (R;X,X) ↪→ L(R;X).
Lemma . Let q,ϕ ∈H() and v ∈V, then
n(q,q, v) = , (.)
n(q,ϕ, v) = –n(ϕ,q, v). (.)
Lemma . When n = , if q ∈ L(,T ;H())∩L∞(,T ;L()), then q ∈ L(,T ;L()).
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3 Unique existence of solutions for the compressible electrohydrodynamics
In this section, we ﬁrst give a description of the perturbed compressible electrohydrody-
namics and then prove its unique existence of solutions.




a ∂v∂t + aB(v , v) + a(div v)v + aAv +N (q + Q˜,ϕ + φ˜)
– ∇(q + Q˜)(ϕ + φ˜) +∇p = f , in  × (,T),
∂q
∂t + aAq + aq –M(q + Q˜, v)
+  (div v)(q + Q˜) = , in  × (,T),
Aϕ = q , in  × (,T),

∂p
∂t + div v = , in  × (,T),
(.)
supplemented with the initial boundary value conditions
v = , q = , ϕ = , x ∈ ∂, (.)
v(x, ) = v, q(x, ) = q, ϕ(x, ) = ϕ, p(x, ) = p, x ∈ , (.)
where v, q satisfy (.) and (.), the function p is independent of  and
p ∈ L(). (.)
Remark . The terms  (div v)v , ∇(q + Q˜)(ϕ + φ˜) and  (div v)(q + Q˜) in (.)
are the stabilization terms corresponding to the substitution of the trilinear form bˆ for the
form b and the trilinear form nˆ for the form n, where the trilinear form bˆ, nˆ is given by
bˆ(u, v,w) = 
[
b(u, v,w) – b(u,w, v)
]
, ∀u, v,w ∈H(), (.)
nˆ(q,ϕ, v) = 
[
n(q,ϕ, v) – n(ϕ,q, v)
]
, ∀v ∈H(), q,ϕ ∈H(). (.)
Note that if divu = , then b(u,u,u) = , n(q,q, v) = . But bˆ(u, v, v) = , nˆ(q,q, v) = , for
∀u, v ∈H(), q ∈H().
Let us assume that {v ,ϕ ,q ,p} is the classical solution of system (.), that is, v ∈
C(Q), ϕ ∈ C(Q), q ∈ C(Q), p ∈ C(Q). Then we have φ ∈ C∞ () × C∞ () and  ∈
C∞ (). Multiplying equation (.) by φ, (.)-(.) by , we obtain
a
d




+ abˆ(v , v ,φ) + nˆ(q + Q˜,ϕ + φ˜,φ) + (∇p ,φ) = (f ,φ),
d











dt (p ,) + (div v ,) = .
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= nˆ(q,q, v), ∀v ∈H(),q ∈H(). (.)
Then like B(u), N(q), the operators Bˆ(u), Nˆ(q) are continuous onH(), H(), respec-
tively.
Lemma . If v ∈ L(,T ;H()) ∩ L∞(,T ;H), q ∈ L(,T ;H()) ∩ L∞(,T ;L()),
ϕ ∈ L(,T ;H()) ∩ L∞(,T ;L()) then the function t → Bˆ(v(t)) belongs to L/(,T ,
H
–()), t → Nˆ(q(t),ϕ(t)) belongs to L/(,T ,H–()), t → Mˆ(q(t), v(t)) belongs to
L/(,T ,H–()).
Proof For almost all t ∈ (,T), Bˆ(v(t)), Nˆ(q(t)) are the elements of H–(), Mˆ(q(t), v(t)) is
an element ofH–(), and themeasurability of the functions t → Bˆ(v(t)), t → Nˆ(q(t)), t →
Mˆ(q(t), v(t)) is easy to check. Now for ∀φ ∈ H(), ∀ψ ∈ H() by the Hölder inequality
and





























































≤ C(‖v‖L()‖v‖‖φ‖L() + ‖v‖L()‖φ‖
)


























































≤ C(‖q‖L()‖ϕ‖L()|φ| + ‖ϕ‖L()‖q‖‖φ‖L()
)
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≤ C(‖q‖L()‖v‖L()‖ψ‖ + ‖ψ‖L()‖q‖‖v‖L()
)
≤ C(|q|  ‖q‖  |v|  ‖v‖  + |v|  ‖v‖  ‖q‖)‖ψ‖, (.)
























(|q|  ‖q‖  |v|  ‖v‖  + |v|  ‖v‖  ‖q‖). (.)
Therefore, the lemma follows from (.)-(.). 
Now if v ∈ L(,T ;H()) ∩ L∞(,T ;H), q ∈ L(,T ;H()) ∩ L∞(,T ;L()), ϕ ∈




dt (v ,φ) =
〈




dt (q ,ψ) = –
〈
aAq + aq – Mˆ(q + Q˜, v),ψ
〉
. (.)





f – aBˆ(v , v) – aAv – Nˆ(q + Q˜,ϕ + φ˜) –∇p
)
∈ L/(,T ;H–), (.)
q′ = –
(
aAq + aq – Mˆ(q + Q˜, v)







The above analysis leads to the following weak formulation of the problem described by
(.).
Problem . Let  ∈ (, ] be ﬁxed. For any given v, q and p satisfying (.), (.), and































av′ + aB(v , v) +

a(div v)v + aAv +N (q + Q˜,ϕ + φ˜)
– ∇(q + Q˜)(ϕ + φ˜) +∇p = f , (.)
Shao and Chai Boundary Value Problems  (2017) 2017:14 Page 10 of 25
q′ + aAq + aq –M(q + Q˜, v) +

 (div v)(q + Q˜) = , (.)
Aϕ = q , (.)
p′ + div v = , (.)
v(x, ) = v, q(x, ) = q, ϕ(x, ) = ϕ, p(x, ) = p, x ∈ . (.)
Theorem . Let  ∈ (, ] be ﬁxed. For any given v, q, and p satisfying (.), (.), and
(.). Then there exists a unique solution {v ,q ,ϕ ,p} of Problem ..
Proof (i) In order to apply the Galerkin procedure, we consider a basis of H() consti-
tuted of elements ωi ofD(), a basis of H() constituted of elements wi of C∞ (), and a
basis of L() constituted of elements γi of C∞ ().






















+ abˆ(vm, vm,ωk) + nˆ(qm + Q˜,ϕm + φ˜,ωk)

















+ (div vm,γl) = , k, l = , . . . ,m. (.)
Moreover, this diﬀerential system is required to satisfy the initial conditions
vm() = vm, qm() = qm, ϕm() = ϕm, pm() = pm. (.)
Here vm (or qm or ϕm or pm) is the orthogonal projection of v (or q or ϕ or p) onto
the space spanned by ω, . . . ,ωm (or w, . . . ,wm or w, . . . ,wm or γ, . . . ,γm) in H (resp. H
or H or L()).
Equations (.)-(.) form a nonlinear diﬀerential system for the functions gm, . . . ,
gmm,hm, . . . ,hmm, ξm, . . . , ξmm. By the standard theory of ODE, we have the existence of a
solution deﬁned at least on some interval [, tm),  < tm ≤ T . And the following a priori
estimates show that in fact tm = T .










+ abˆ(vm, vm, vm) + nˆ(qm + Q˜,ϕm + φ˜, vm)
+ (∇pm, vm) = (f , vm), (.)

















+ (div vm,pm) = , k, l = , . . . ,m. (.)
Due to (.), bˆ(vm, vm, vm) = , and since vm|∂ = , we have
(∇pm, vm) + (div vm,pm) = .





































































































∣ dt + sC







∥ dt + sC.

















} ≤ d, (.)
d = a|v| + ‖ϕ‖ + |p| + sC. (.)




















∥ dt ≤ da . (.)
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∥ dt + |q| +Cs d. (.)






∣ ≤ d. (.)






∥ dt ≤ da . (.)
(iii) In order to pass to the limit in the nonlinear term we need an estimate of the frac-
tional derivative in time of vm and qm.
Setting
φm(t) = f – aAvm – Bˆ(vm) – Nˆ(qm + Q˜,ϕm + φ˜),
ψm(t) = –aAqm – aqm – Mˆ(qm + Q˜, vm).





























= , l = , . . . ,m,
ϕm(·, t) =A–qm(·, t).
As done several times before, we extend all functions by  outside the interval [,T] and
consider the Fourier transform of the diﬀerent equations.
















































ϕ˜m(·, t) =A–q˜m(·, t).
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We multiply the ﬁrst of the last three equations by gˆkm(τ ) (gˆkm = Fourier transform of
g˜km) and the second by hˆkm(τ ) (hˆkm = Fourier transform of h˜km) and the third by ξˆlm(τ )


























































The term (∇pˆm, vˆm) + (div vˆm, pˆm) = , and we have vˆm(τ )|∂ = .
















































































































































qˆm(τ ) + Qˆ, ϕˆm(τ ) + φˆ, vˆm(τ )
)




















Qˆ, φˆ, vˆm(τ )
)















































–aAqˆm(τ ) – aqˆm(τ ) – Mˆ
(


























































































































≤ (γ + )
∫ +∞
–∞
a|vˆm(τ )| + ‖ϕˆm(τ )‖
 + |τ |–γ dτ
+ (γ + )
∫ +∞
–∞
|τ |(a|vˆm(τ )| + ‖ϕˆm(τ )‖)
 + |τ |–γ dτ















+ (γ + )
∫ +∞
–∞
|τ |(a|vˆm(τ )| + ‖ϕˆm(τ )‖)
 + |τ |–γ dτ . (.)


































































|τ |(a|vˆm(τ )| + ‖ϕˆm(τ )‖)
 + |τ |–γ dτ






































 + |τ |–γ ))dτ





d(|vˆm(τ )| + ‖ϕˆm(τ )‖ + |pˆm(τ )|)
 + |τ |–γ dτ










































|vˆm(τ )| + ‖ϕˆm(τ )‖ + |pˆm(τ )|






























































≤ C(π ,γ ,d,a,a,a,T). (.)




( + |τ |–γ )
) 






We can conclude that
∫ +∞
–∞













(iv) We want to pass to the limit as m → ∞ in (.)-(.) using the estimates (.),
(.)-(.) and (.), we recall that at the present time  ∈ (, ] is ﬁxed, and we are
only concerned with a passage to the limit as m → ∞. There exist a sequence m′ → ∞
and some {v ,q ,ϕ ,p} such that
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Take ψ(t) ∈ C∞c ([,T]) with ψ(T) = . We multiply (.) (resp. (.), (.)) by ψ(t),


































































qm′ + Q˜,ωkψ(t), vm′
)














= (pm′ ,γl)ψ(), ≤ k, l ≤m. (.)
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∣vm′ (t) – v(t)
∣
∣dt




































































































∥vm′ (t) – v(t)
∥
∥
L(,T ;L()) →  asm′ → ∞. (.)











































q(t) + Q˜,ωkψ(t), v(t)
)
dt. (.)
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q + Q˜,ωkψ(t), v
)














= (p,γl)ψ(), ≤ k, l ≤m. (.)
Thus, (.) (resp. (.) or (.)) holds for ω = (resp. w or γ ) any ﬁnite linear combi-
nation of ωk (resp. wk or γl). And by a continuity argument, (.) is still valid for any



































































q + Q˜,ωψ(t), v
)














= (p,γ )ψ(), ≤ k, l ≤m. (.)
Equations (.)-(.) show that {v ,q ,ϕ ,p} satisfy (.)-(.) in the sense of distri-
butions.
It remains to prove that v , q , ϕ and p satisfy (.). To this end, we take ψ(t) ∈
C∞c ([,T]) with ψ(T) =  and use ψ(t) to multiply (.)-(.), (.), respectively, then
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ψ(), ≤ k, l ≤m. (.)












ψ() =  ∀γ ∈ L().












=  ∀γ ∈ L().
Thus, (.) holds.
Next, we will prove the solution is unique. For this purpose we drop the indices  and
denote by {v,q,ϕ,p}, {v,q,ϕ,p} two solutions of Problem . and then set
u = v – v, r = q – q, ψ = ϕ – ϕ, p = p – p,
Qi = qi + Q˜, φi = ϕi + φ˜, i = , .
Then
au′ + aAu +∇p = –aBˆ(v, v) + aBˆ(v, v) + Nˆ(Q,φ) – Nˆ(Q,φ), (.)
r′ = –aAr – ar + Mˆ(Q, v) – Mˆ(Q, v), (.)
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p′ + divu = , (.)
Aψ = r. (.)
Taking the scalar of (.) with u, (.) with ψ and (.) with p, and adding these equa-































= –abˆ(u, v,u) + nˆ(r,ψ , v) – nˆ(r,φ,u)
≤ a
[‖u‖|u|‖v‖ + |u|  ‖u‖  ‖v‖  |v| 
]
+ |r|  |v|  ‖v‖  ‖ψ‖  + ‖ψ‖  |ψ |  |r||v|  ‖v‖ 











(|v|‖v‖‖ψ‖ + ‖ψ‖|ψ ||v|‖v‖
)


























































































































The function t → h(t) belongs to L(,T) in view of equations (.), (.) and (.)-
(.). Moreover, we infer ψ() =  from r() =  and Aψ = r. We apply the Gronwall








∥ = , for all t ∈ [,T].
Thus, v = v, q = q and ϕ = ϕ. The proof is complete. 
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4 Convergence of solutions for the compressible electrohydrodynamics system
to the incompressible electrohydrodynamics system
In this section, we show how the solutions of the perturbed problems converge to the
solutions of the incompressible electrohydrodynamics system.
Theorem . For  ∈ (, ], v, q and p be given satisfying (.), (.), and (.), the
solutions {v ,q ,ϕ ,p} of Problem . converge to the solutions {v,q,ϕ,p} of Problem . as
 → + in the following sense:













































Proof By (.), (.), (.), (.), (.)-(.), we have for all  ∈ (, ]





‖ϕ‖L∞(,T ;H()) ≤ lim infm→∞ ‖ϕm‖L∞(,T ;H()) ≤
√
d, (.)
‖q‖L∞(,T ;L()) ≤ lim infm→∞ ‖qm‖L∞(,T ;L()) ≤
√
d, (.)







































dτ ≤ C. (.)
By virtue of (.)-(.), there is a sequence {m} ⊂ (, ] (m → + as m → ∞)
and v∗ ∈ L∞(,T ;L()) ∩ L(,T ;H()), q∗ ∈ L∞(,T ;L()) ∩ L(,T ;H()), ϕ∗ ∈
L∞(,T ;H())∩ L(,T ;H()), and p∗ ∈ L∞(,T ;L()) such that when m → +
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Passing to the limit in (.) in the distribution sense as m → +, hence
m
d






mpm ,q)→ , ∀q ∈ L(). (.)
Equations (.) and (.) give
(div v∗,q) = , ∀q ∈ L(). (.)
















) ∩ L(,T ;H()). (.)




dt 〈v ,ω〉 + abˆ(v , v ,ω) – a(v ,ω) + nˆ(q + Q˜,ϕ + φ˜,ω) = (f ,ω), (.)
d
dt 〈q ,w〉 – a(q ,w) + a(q ,w) – nˆ(q + Q˜,w, v) = . (.)
We have
(∇p ,ω) = (p ,divω) = .
If ψ is a continuously diﬀerentiable scalar function on [,T] with ψ(T) = , we can



































dt + (v,ω)ψ(), (.)






































































q∗(t) + Q˜,ωψ(t), v∗(t)
)
dt. (.)































































Equations (.)-(.) are the same as (.)-(.) because div v∗ =  and bˆ(v∗(t), v∗(t),
ωψ(t)) = b(v∗(t), v∗(t),ωψ(t)), nˆ(q∗ + Q˜,ϕ∗ + φ˜,ωψ(t)) = n(q∗ + Q˜,ϕ∗ + φ˜,ωψ(t)),
nˆ(q∗ + Q˜,ωψ(t), v∗) = n(q∗ + Q˜,ωψ(t), v∗). Then we can easily show that {v∗,q∗,ϕ∗}
is a solution of Problem .. We next prove the convergent relations (.)-(.). Equa-
tion (.) follows easily from (.), (.) follows easily from (.), (.) follows eas-
ily from (.), (.) follows easily from (.), (.) follows easily from (.).
Equation (.) can be deduced from (.)-(.), (.) and the compact embedding
theorem (see, e.g., []), simply, (.) can be deduced from (.), (.), (.) and the
compact embedding theorem, (.) can be deduced from (.), (.) and the compact
embedding theorem. It remains to prove (.). For this purpose we write (.) as
∇pm = f – av′ – aBˆ(v) – aAv – Nˆ(q + Q˜,ϕ + φ˜). (.)
The convergent results for vm show that the right-hand side of (.) converges weakly,





as m → +. (.)
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We ﬁnd that (.) is exactly ∇p. Hence,





That is, (.) is proved. The proof of Theorem . is complete. 
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